
FEM for 1D Bar Problem: An Attempt for a Generic Code

Objectives

• To make the 1D FEM code as generic as possible

 

What Can We Improve?

 

In the two previous examples, we use

• Equal node spacing
• Ordered node numbering
• A single point load at the end
• Equal element properties
• A single boundary condition
• No coordinate system

So how do we make out code as generic as possible?

 

The Connectivity Matrix

 

For a simple bar problem, it is obvious that we can discretize the element equally and use ordered
numbering for the elements and nodes. However, this is not compulsory. Let's discretize and use global
numbering as follows:

 

 

In this case, our element length is not equal. The element and and nodes are not in an orderly fashion.
We have also introduced a coodinate for our node. From the coordinate, we can calculate the length of
each element.
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The element with the nodes numbers can be inter-connected throught the use of connectivity matrix.
The matrix is introduced to make the assembly process easier. For problem with complex mesh, the
connectivity matrix is obtained from mesh generation code/software. The connectivity matrix might have
different name but they essentially contains the same information.

For the figure above, the connectivity matrix is given by:

 

Individual Parameter

 

The properties and distributed load can be different for each element. For the sake of validation against
analytical solution, we keep them similar with previous example.

 

We can also specify the point load at any node we want. Although we specify the point load, P at the
very end, we can be more generic by specify zero value at other node as follows
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Finally, we can specify the dirichlet boundary condition for the node. For computer implementation, we
specify 0 as free node and 1 as fixed condition. 

Having outlined all the parameter, we can start writing our code.

 

1. Input Parameters

 

Previously, most of our input parameters are scalar. To take into consideration properties for individual
node and element, we will specify them in vector form as follows. 

clc; clear all; % Clear data
 
% Bar element properties
Eo  = [200e6, 200e6]   % Young's modulus (kN/m^2)

Eo = 
   200000000   200000000

Ao  = [0.04, 0.04]     % Area (m^2)

Ao = 
    0.0400    0.0400

qo  = [2, 2]           % Uniform load (kN/m)

qo = 
     2     2

 
% Point loads (kN)
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P  = [0, 0, 10]

P = 
     0     0    10

 
% Node coordinate (m)
node_x = [1.75, 0, 5.0] 

node_x = 
    1.7500         0    5.0000

 
% Node condition (0-Free, 1-Fixed)
node_cond = [0, 1, 0]

node_cond = 
     0     1     0

 
% Connectivity matrix between element and node
elem_node = [1 3; 2 1]

elem_node = 
     1     3
     2     1

 

2. Assembly of Local Stiffness Matrix and Load Vector

 

First, we initialize the global stiffness matrix and load vector.

% Get the total number of element from connectivity matrix
ne = size(elem_node, 1);
 
% The total number of dof is equal to total number of nodes
nnodes = length(node_x);
 
% Initialize global stiffness matrix and load vector
K = zeros(nnodes, nnodes)

K = 
     0     0     0
     0     0     0
     0     0     0

F = zeros(nnodes, 1)

F = 
     0
     0
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     0

 

Because we have different properties for individual element, we need to loop for each element, get their
appropriate value and evaluate the local stiffness matrix and load vector before assembly.

% Assemble global stiffness matrix and load vector
for ie = 1:ne
    
%    Local element parameter
     E = Eo(ie)
     A = Ao(ie)
     q = qo(ie)
    

From the connectivity matrix, we can get the corresponding global node index for each element. This
will produce for element 1, node 1 and node 3

%    Global node index [Start End]
     in = elem_node(ie, :)    

We can then use the node index "in" to get the coordinate for the node. The coordinate information is
stored in "node_x" variables.

%    Coordinate-x
     x = node_x(in)
     

We calculate the length and make sure that we have positive value by using the following expression

%    Element length
     L = sqrt( (x(2)-x(1))^2 )

We can evaluate our local stiffness matrix and load vector

%    Local stiffness matrix and load vector
     k = E*A * [1/L -1/L; -1/L 1/L]
     f = [q*L/2; q*L/2]

Here, we assembled the local stiffness matrix and load vector into their respective location in the global
matrix. We should use the dof index for assembly. Luckly for our case, the dof index is the same as the
node index "in". So we will use the node index instead.

    
%    Stiffness matrix
     K(in, in) = K(in, in) + k
 
%    Load vector
     F(in) = F(in) + f   
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end

E = 200000000
A = 0.0400
q = 2
in = 
     1     3
x = 
    1.7500    5.0000
L = 3.2500
k = 
   1.0e+06 *
    2.4615   -2.4615
   -2.4615    2.4615
f = 
    3.2500
    3.2500
K = 
   1.0e+06 *
    2.4615         0   -2.4615
         0         0         0
   -2.4615         0    2.4615
F = 
    3.2500
         0
    3.2500
E = 200000000
A = 0.0400
q = 2
in = 
     2     1
x = 
         0    1.7500
L = 1.7500
k = 
   1.0e+06 *
    4.5714   -4.5714
   -4.5714    4.5714
f = 
    1.7500
    1.7500
K = 
   1.0e+06 *
    7.0330   -4.5714   -2.4615
   -4.5714    4.5714         0
   -2.4615         0    2.4615
F = 
    5.0000
    1.7500
    3.2500

 

We can use the "spy" function to visualise non-zero values in our matrix

spy(K) % Visualise non-zero matrix value
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4. Imposition of Point Load and Boundary Condition

 

Because we have point load, P, at each node, although some of them have zero value, we can use a
loop once more to impose the point load on the global load vector. The code for this is given as

% Loop all node and impose point load
for i = 1:nnodes
    
    F(i) = F(i) + P(i)
    
end

F = 
    5.0000
    1.7500
    3.2500
F = 
    5.0000
    1.7500
    3.2500
F = 
    5.0000
    1.7500
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   13.2500

In the code above, i stands for node index.

 

Since we decided to make the code generic, the imposition of boundary condition need to be done
automatically. To do this, we need to loop all the node and check the condition of the node. If the node
is a boundary node (fixed), we use static condensation to eliminate the appropriate row and column
from the stiffness matrix and load vector. 

% Loop all node, check node condition and impose boundary condition
for i = 1:nnodes
    
%   Check node condition 
    if node_cond(i)==1 % 1 means fixed boundary
        
%       Impose boundary condition
        K(i,:) = []
        K(:,i) = []
        F(i)   = []
        
    end
    
end  

K = 
   1.0e+06 *
    7.0330   -4.5714   -2.4615
   -2.4615         0    2.4615
K = 
   1.0e+06 *
    7.0330   -2.4615
   -2.4615    2.4615
F = 
    5.0000
   13.2500

 

Ideally, we would want to combine both loop above as one because they essentially loop for the same
thing. This can help reduce computational effort.

 

5. Solution of Simultaneous Equation

 

Solve the [K]{D}={R}

% Initialize solution
u = zeros(nnodes,1)

u = 
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     0
     0
     0

 
% Free node index
id = find(~node_cond)

id = 
     1     3

 
% Solve the simultaneous equation KD=R
u(id) = K\F  

u = 
   1.0e-05
    0.3992
         0
    0.9375

 

6. Display Result

 

We can compare our numerical result against analytical solution

% Display result (numerical vs exact)
% Exact solution
Lb  = 5;
P  = 10;
q  = 2;
E  = 200e6;
A  = 0.04;
x  = linspace(0,Lb,21);                        % Discrete x coordinate
ue = (-q/(2*E*A))*x.^2 + ((P+q*Lb)/(E*A)).*x;  % Evaluate the solution
plot(x, ue, '-k'); hold on                     % Plot analytical solution
 
% Numerical solution
plot(node_x, u, 'or')  % Plot numerical solution
 
% Label for figure
xlabel('x [m]')
ylabel('u [m]')
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