
FEM for 1D Bar Problem: The Basic

Objectives

• To write simple Matlab code for 1D bar problem

The Problem

Cantilever bar with uniformly distributed load, q and a single point load, P. The young modulus, E and
cross sectional area, A, of the bar are given as

 

Programming flowchart
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The algorithm of the Matlab program

1. Specify the input parameter
2. Calculate the local stiffness matrix and load vector
3. Assemble the global stiffness matrix and load vector
4. Impose boundary condition
5. Solve the simultaneous system of equation
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6. Display the result

 

1. Input Parameters

From the derived local stiffness matrix and load vector

the input parameters needed are

• Young modulus, E
• Cross sectional area, A
• Elemental length, L
• Elemental uniform load, q
• Point load, P

In Matlab, we specify the input parameters as follows

% The input parameters
E  = 200e6   % Young's modulus (kN/m)

E = 200000000

A  = 0.04    % Area (m^2)

A = 0.0400

Lb = 5       % Length of bar (m)

Lb = 5
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q  = 2       % Uniform load (kN/m)

q = 2

P  = 10      % Point Load (kN)

P = 10

Execute the section of the code (using ''Run Section"). 

 

2. The Local Stiffness Matrix and Load Vector

 

The bar is discretized into two linear elements. First we calculate the length for each element. In this
case the element has similar length.

% Element length
L = Lb/2 

L = 2.5000

The corresponding local stiffness matrix for the elements are 

% Local stiffness matrix
k1 = E*A* [1/L -1/L; -1/L 1/L] % Local stiffness matrix for element 1

k1 = 
     3200000    -3200000
    -3200000     3200000

k2 = E*A* [1/L -1/L; -1/L 1/L] % Local stiffness matrix for element 2

k2 = 
     3200000    -3200000
    -3200000     3200000

 

The local load vectors due to uniform load on the bar are

% Local load vector
f1 = [q*L/2; q*L/2] % Local load vector for element 1

f1 = 
    2.5000
    2.5000

f2 = [q*L/2; q*L/2] % Local load vector for element 2
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f2 = 
    2.5000
    2.5000

 

Notice that we haven't include the point load, P in the local load vector.

 

3. Assemble the Global Stiffness Matrix and Load Vector

 

 

We need to assemble both the stiffness matrix and load vector from local (elemental) to global (the
whole domain). 

 

In order to proceed with the assembly process, first we need to initialize the matrix for the stiffness
matrix, K and load vector, F. The size of K and F depend on the number of global dof: in this case, 3.
We initilize the variables as follows

% Initialize global stiffness matrix and load vector
K = zeros(3,3)

K = 
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     0     0     0
     0     0     0
     0     0     0

F = zeros(3,1)

F = 
     0
     0
     0

 

We can start the  assembly process by first assemble the local stiffness matrix for element 1 into the
global stiffness matrix. The local degree of freedom (dof) for element 1 that is u1 and u2, correspond
to U1 and U2 for the global variables. In Matlab the assembly is carried out as follows

K(1:2,1:2) = K(1:2,1:2) + k1 % Assembly of stiffness matrix for element 1

K = 
     3200000    -3200000           0
    -3200000     3200000           0
           0           0           0

 

For element 2, the local dof u1 and u2, correspond to U2 and U3 for the global variables. The assembly
of the global stiffness matrix is

K(2:3,2:3) = K(2:3,2:3) + k2 % Assembly of stiffness matrix for element 2

K = 
     3200000    -3200000           0
    -3200000     6400000    -3200000
           0    -3200000     3200000

 

Notice that K(2,2) value has contribution from both k1 and k2  at the shared node #2. 

 

For the load vector, the assembly needs to take into consideration the 

1. Uniform load - local variables
2. Point load - global variables

The assembly of the local load vector for element 1 is

F(1:2) = F(1:2) + f1 % Assembly of load vector for element 1

F = 
    2.5000
    2.5000
         0
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and the local load vector assembly for element 2 is

F(2:3) = F(2:3) + f2 % Assembly of load vector for element 2

F = 
    2.5000
    5.0000
    2.5000

 

Again notice the overlapping values for F(2) due to contribution from the shared node.

 

Finally, we take into consideration the contribution of point load P in the global load vector. As point
load P is located at the end of the bar, this coincide with node #3. We include point load P by adding the
value to the global load vector as follows

F(3) = F(3) + P % Point load at the bar end

F = 
    2.5000
    5.0000
   12.5000

 

This completes the global assembly of the stiffness matrix and load vector.

 

4. Imposition of the Boundary Condition

 

We need to specify the boundary condition to uniquely defined the problem. For the 1D bar problem,
we specify a fixed value, u=0, at the left side of the bar. As the value that we specify for the dof is zero,
we can use a method called "static condensation". This method works by deleting the row and column
of the stiffness matrix and load vector associated with the prescribed zero dof. With u1=0, we apply the
static condensation as follows

% Impose boundary condition u1=0
K(1,:) = []

K = 
    -3200000     6400000    -3200000
           0    -3200000     3200000

K(:,1) = []

K = 
     6400000    -3200000
    -3200000     3200000
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F(1)   = []  

F = 
    5.0000
   12.5000

 

We are left with 2nd to 3rd values of the matrix and vector.

 

5. Solution of Simultaneous Equation

 

With the imposition of the boundary condition, we are ready to solve the simultaneous equation. In
Matlab, this can be easily done by using the "\" command. The "\" command operate on matrix, K and
vector, F and solve them using Gauss Elimination method. The command is

% Solve the simultaneous equation KD=R
u = K\F   

u = 
   1.0e-05
    0.5469
    0.9375

 

Due to the use of "static condensation", we only have result for the free nodes i.e. nodes 2 and 3. 

 

6. Display Result

 

To check that the result is correct, we will compare the numerical result against analytical solution of a
1D bar problem given by 

The Matlab code is given as

% Display result (numerical vs exact)
% Exact solution
x  = linspace(0,Lb,21);                       % Discrete x coordinate
ue = (-q/(2*E*A))*x.^2 + ((P+q*Lb)/(E*A))*x;  % Evaluate the solution
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plot(x, ue, '-k'); hold on                    % Plot analytical solution
 
% Numerical solution
xn = [2.5 5];      % Coordinates of node 2 & 3
plot(xn, u, 'or')  % Plot numerical solution
 
% Label for figure
xlabel('x [m]')
ylabel('u [m]')

 

Excercise

Repeat the 1D bar problem using three (3) elements. Write your code in the section provided below.
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% Clear previous data
clc; clear all;
 
% The input parameters
E  = 200e6   % Young's modulus (kN/m)

E = 200000000

A  = 0.04    % Area (m^2)

A = 0.0400

Lb = 5       % Element length (m)

Lb = 5

q  = 2       % Uniform load (kN/m)

q = 2

P  = 10      % Point Load (kN)

P = 10

 

% Local stiffness matrix and load vector
 
 
 
 

 

% Assemble local stiffness matrix and load vector
 
 
 
 

 

% Imposition of boundary condition
 
 
 
 

 

% Solve the simultaneous equation KU=R
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% Display result (numerical vs exact)
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